Abstract. This paper consists of two parts. In the first part we show that in odd dimension, as well as in even dimension below the critical weight (i.e. half the dimension), the logarithmic singularities of Schwartz kernels and Green kernels of conformal invariant pseudodifferential operators are linear combinations of Weyl conformal invariants, i.e., of local conformal invariants arising from complete tensorial contractions of the covariant derivatives of the Lorentz ambient metric of Fefferman-Graham. In even dimension and above the critical weight exceptional local conformal invariants may further come into play. As a consequence, this allows us to get invariant expressions for the logarithmic singularities of the Green kernels of the GJMS operators (including the Yamabe and Paneitz operators). In the second part, we prove analogues of these results in CR geometry. Namely, we prove that the logarithmic singularities of Schwartz kernels and Green kernels of CR invariant Heisenberg pseudodifferential operators give rise to local CR invariants, and below the critical weight are linear combinations of complete tensorial contractions of the covariant derivatives of Fefferman's Kälher-Lorentz ambient metric. As a consequence, we can obtain invariant descriptions of the logarithmic singularities of the Green kernels of the CR GJMS operators of Gover-Graham (including the CR Yamabe operator of Jerison-Lee).
Introduction
Motivated by the analysis of the singularity of the Bergman kernel of a strictly pseudoconvex domain D ⊂ C n+1 Fefferman [Fe2] launched the program of determining all local invariants of a strictly pseudoconvex CR structure. This program was subsequently extended to deal with local invariants of other parabolic geometries, including conformal geometry (see [FG1] ). Since Fefferman's seminal paper further progress has been made, especially recently (see, e.g., [Al2] , [BEG] , [GH] , [Hi1] , [Hi2] ). In addition, there is a very recent upsurge of new conformally invariant Riemannian differential operators (see [Al2] , [Ju] ).
In this paper we turn to the analysis of the logarithmic singularities of the Schwartz kernels and Green kernels of general invariant pseudodifferential operators in conformal and CR geometry. This connects nicely with results of Hirachi ([Hi1] , [Hi2] ) on the logarithmic singularities of the Bergman and Szegö kernels on boundaries of strictly pseudoconvex domains.
The main result in the conformal case (Theorem 4.5) asserts that in odd dimension, as well as in even dimension below the critical weight (i.e. half of the dimension), the logarithmic singularities of Schwartz kernels and Green kernels of conformally invariant Riemannian ΨDOs are linear combinations of Weyl conformal invariants, that is, of local conformal invariants arising complete tensorial contractions of covariant derivatives of the ambient Lorentz metric of FeffermanGraham ([FG1] , [FG2] ). Above the critical weight the description in even dimension involve the ambiguity independent Weyl conformal invariants recently defined by Graham-Hirachi [GH] , as well as the exceptional local conformal invariants of Bailey-Gover [BG] . In particular, by specializing this result to the GJMS operators of [GJMS] , including the Yamabe and Paneitz operators, we obtain invariant expressions for the logarithmic singularities of the Green kernels of these operators (see Theorem 4.6).
In the CR setting the relevant class of pseudodifferential operators is the class of Ψ H DOs introduced by Beals-Greiner [BGr] and Taylor [Tay] . In this context the main result (Theorem 8.6 ) asserts that the logarithmic logarithmic singularities of Schwartz kernels and Green kernels of CR invariant Ψ H DOs are local CR invariants, and below the critical weight are linear combinations of complete tensorial contractions of covariant derivatives of the curvature of the ambient Kähler-Lorentz metric of Fefferman [Fe2] . As a consequence this allows us to get invariant expressions for the logarithmic singularities of the Green kernels of the CR GJMS operators of [GG] (see Theorem 8.7).
The proof of the main result in the conformal case is divided into three steps. In the first step we show that, given a ΨDO on a Riemannian manifold transforming conformally under a conformal change of metrics, the logarithmic singularity of its Schwartz kernel, as well as that of its Green kernel when the operator is elliptic, transform conformally under a conformal change of metrics (Proposition 2.1). This result unifies and extends several previous results of Parker-Rosenberg [PR] , Gilkey [Gi] and Paycha-Rosenberg [PRo] .
The second step is a Riemannian invariant version of the first step. Namely, we show that the logarithmic singularities of Schwartz kernels and Green kernels of Riemannian invariant ΨDOs are local Riemannian invariants, hence can expressed as linear combinations of complete contractions of covariant derivatives of the curvature tensor (see Proposition 3.5 for the precise statement). This result is very much reminiscent of the Riemannian invariant expression of the coefficients of the heat kernel asymptotics of Laplace-type operators (see [ABP] , [Gi] ).
In odd dimension, as well as in even dimension below the critical weight, an important result of Bailey-Eastwood-Graham [BEG] shows that all local conformal invariants as linear combinations of Weyl conformal invariants. Recently, in even dimension the remaining cases have been dealt with by Graham-Hirachi [GH] . Therefore, in the final third step, we can simply combine these results with the results of the first two steps to deduce our main results in the conformal case.
Notice that thanks to the Ricci flatness of the ambient metric they are much fewer Weyl conformal invariant than Weyl Riemannian invariants. Therefore, in the third step we get a more precise information on the forms of the logarithmic singularities at stake than the Riemannian invariant expressions provided by the second step.
Next, the proof of the main result in the CR setting follows a similar pattern. First, we prove that, given a Ψ H DO on a contact manifold which transforms conformally under a conformal change of contact form, the logarithmic singularities of its Schwartz kernel and its Green kernel (when the operator is hypoelliptic) transform conformally under a conformal change of contact form (see Proposition 6.1). This extends a previous result of N.K. Stanton [St] .
In the second step we deal with the logarithmic singularities of pseudohermitian invariant Ψ H DOs (these objects are defined in Section 7). More precisely, we show that the logarithmic singularities of the Schwartz kernels and the Green kernels of pseudohermitian invariant Ψ H DOs are local pseudohermitian invariants (see Proposition 7.9). Therefore these logarithmic singularities appear as universal linear combinations of complete tensorial contractions of covariant derivatives of the (pseudohermitian) curvature tensor and of the torsion tensor of the Tanaka-Webster connection.
Similarly to a conformally invariant Riemannian ΨDO, a CR invariant Ψ H DO is a pseudohermitian invariant Ψ H DOs that transforms conformally under a conformal change of contact form. Furthermore, we know from Fefferman [Fe2] and BaileyEastwood-Graham [BEG] that any local CR invariant of weight less than or equal to the critical weight is linear combination of Weyl CR invariants. Combining this with the previous steps allows us to prove the main results in the CR case.
The first and third steps in the CR case are carried along similar lines as that of the corresponding steps in the conformal case. There are some technical issues with the second step because we need to introduce definitions of local pseudohermitian invariant and of pseudohermitian invariant Ψ H DOs in such way that the former is equivalent to the usual definition of a local pseudohermitian invariant and both definitions are suitable for working with the Heisenberg calculus. In particular, it is important to take into account the tangent structure of a strictly pseudoconvex CR manifold, in which the Heisenberg group comes into play. The bulk of this step then is to prove all the properties of local pseudohermitian invariants and pseudohermitian invariant Ψ H DOs that are needed in order to prove that the logarithmic singularities of the Schwartz kernels and the Green kernels of the latter do give rise to local pseudohermitian invariants. More generally, the arguments used in this step pave the way for proving that various local invariants attached to pseudohermitian invariant Ψ H DOs (e.g. local zeta function invariants) give rise to local pseudohermitian invariants.
Finally, it is believed that by making use of the ambient metric construction of the GJMS operators in [GJMS] we could compute the logarithmic singularities of these operators in the conformal case, as well as in the CR case. It is conjectured that there should be related in a somewhat explicit way to the coefficients of the heat kernel asymptotics of the Laplace operator, which has been thoroughly studied (see [Gi] and the references therein). We hope to report more on this in a subsequent paper.
The paper is organized as follows.
In Section 1, we recall how the logarithmic singularity of a ΨDO gives rise to a well defined density. We then explain its connection with the noncommutative residue trace of Wodzicki and Guillemin. In Section 2, we show that the conformal invariance of the logarithmic singularities of the Schwartz kernels and Green kernels of conformally invariant ΨDOs.
In Section 3 we show that the logarithmic singularities of the Schwartz kernels and Green kernels of Riemannian invariant ΨDOs are local Riemannian invariants.
In Section 4 we prove that the logarithmic singularities of the Schwartz kernels and Green kernels of conformally invariant ΨDOs are linear combinations of the local conformal invariants in the sense of Fefferman's program. In particular, this leads us to invariant expressions for the logarithmic singularities of the Green kernels of the GJMS operators.
In Section 5, we recall some important facts about Ψ H DOs and their logarithmic singularities.
In Section 6, we prove the contact invariance of the Schwartz kernels and Green kernels of contact invariant Ψ H DOs.
In Section 7, we define pseudohermitian invariant Ψ H DOs and prove that their Schwartz kernels and Green kernels give rise to local pseudohermitian invariants.
In Section 8, we prove that the Schwartz kernels and Green kernels of CR invariant Ψ H DOs are linear combinations of Weyl CR invariants, which allows us to get invariant expressions for the the Green kernels of the CR GJMS operators.
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Pseudodifferential Operators and the Logarithmic Singularities of their Schwartz Kernels
In this section we recall some definitions and properties about ΨDOs and the logarithmic singularities of the Schwartz kernels of ΨDOs.
First, given an open subset U ⊂ R n the symbols on U ×R n are defined as follows.
, in the sense that, for any integer N , any compact K ⊂ U and any multi-orders α, β, there exists a constant C N Kαβ > 0 such that, for any x ∈ K and any ξ ∈ R d+1 so that |ξ| ≥ 1, we have
Let M n be a manifold and let E be a vector bundle over M . We define ΨDOs on M acting on the sections of E as follows.
(i) The Schwartz kernel of P is smooth off the diagonal;
(ii) In any trivializing local coordinates the operator P can be written as
where p is a symbol of order m and R is a smoothing operator.
We can give a precise description of the singularity of the Schwartz kernel of a ΨDO near the diagonal and, in fact, the general form of these singularities can be used to characterize ΨDOs (see, e.g., [Hö2] , [Me] , [BGr] ). In particular, if
if a ΨDO of integer order m ≥ −n, then in local coordinates its Schwartz kernel k P (x, y) has a behavior near the diagonal y = x of the form
where
is homogeneous of degree j in y and we have
where p −n (x, ξ) is the symbol of degree −n of P . It seems to have been first observed by Connes-Moscovici [CMo] (see [GVF] , [Po4] ) for detailed proofs) that the coefficient c P (x) makes sense globally on M as a 1-density with values in End E, i.e., it defines an element of C ∞ (M, |Λ|(M )⊗End E) where |Λ|(M ) is the bundle of 1-densities on M .
In the sequel we refer to the density c P (x) as the logarithmic singularity of the Schwartz kernel of P . If P is elliptic, then we shall call Green kernel for P the Schwartz kernel of a parametrix Q ∈ Ψ −m (M, E) for P . Such a parametrix is uniquely defined only modulo smoothing operators, but the singularity near the diagonal of the Schwartz kernel of Q, including the logarithmic singularity c Q (x), does not depend on the choice of Q.
is elliptic, then the Green kernel logarithmic singularity of P is the density
where Q ∈ Ψ −m (M, E) is any given parametrix for P .
Next, because of (1.5) the density c P (x) is related to the noncommutative residue trace of Wodzicki ([Wo1] , [Wo3] ) and Guillemin [Gu1] as follows.
Let
denote the class of ΨDOs whose symbols are integrable with respect to the ξ-variable. If P is a ΨDO in this class then the restriction to the diagonal of its Schwartz kernel k P (x, y) defines a smooth End E-valued density k P (x, x). Therefore, if M is compact then P is trace-class on L 2 (M, E) and we have
In fact, the map P → k P (x, x) admits an analytic continuation P → t P (x) to the class Ψ C\Z (M, E) of non-integer ΨDOs, where analyticity is meant with respect to holomorphic families of ΨDOs as in [Gu2] and [KV] . Furthermore, if P ∈ Ψ Z (M, E) and if (P (z)) z∈C is a holomorphic family of ΨDOs such that ordP (z) = ordP + z and P (0) = P . Then the map z → t P (z) (x) has at worst a simple pole singularity at z = 0 in such way that (1.8)
Res z=0 t P (z) (x) = −c P (x).
Suppose now that M is compact. Then the noncommutative residue is the linear functional on Ψ Z (M, E) defined by (1.9)
Thanks to (1.5) this definition agrees with the usual definition of the noncommutative residue. Moreover, by using (1.8) we see that if (P (z)) z∈C is a holomorphic family of ΨDOs such that ordP (z) = ordP + z and P (0) = P , then the map z → Trace P (z) has an analytic extension to C\Z with at worst a simple pole near z = 0 in such way that (1.10)
Using this it is not difficult to see that the noncommutative residue is a trace on Ψ Z (M, E). Wodzicki [Wo2] even proved that his is the unique trace up to constant multiple when M is connected.
Finally, let P :
be a ΨDO of integer order m ≥ 0 with a positive principal symbol. For t > 0 we let k t (x, y) denote the Schwartz kernel of e −tP . Then k t (x, y) is a smooth kernel and as t → 0 + we have
where we further have a 2j+1 (P )(x) = b j (P )(x) = 0 for any j = 0, 1, . . . when P is a differential operator (see, e.g., [Gi] , [Gr] ). By making use of the Mellin Formula we can explicitly relate the coefficients of the above heat kernel asymptotics to the singularities of the local zeta function t P −s (x) (see, e.g., [Wo3, 3.23] ). In particular, if for j = 0, . . . , n− 1 we set σ j = n−j m then we have
The above equalities provide us with an immediate connection between the Green kernel logarithmic singularity of P and the heat kernel asymptotics (1.11). Indeed, as the partial inverse P −1 is a parametrix for P in Ψ −m (M, E), setting j = n − m in (1.12) gives (1.13) a n−m (P )(x) = mc P −1 (x) = mγ P (x).
Conformal Invariance of Logarithmic Singularities of ΨDOs
In this section we will prove that the logarithmic singularities of conformally invariant ΨDOs on a given Riemannian manifold (M n , g) transform conformally under conformal changes of metric.
Throughout this section we let (M n , g) be a Riemannian manifold. The first historic instances of conformally invariant operator were the Dirac and Yamabe operators.
If M is spin and we let / D g denote the Dirac operator of M acting on spinors then Hitchin [Hit] and Kosmann-Schwarbach [Ko] proved that under a conformal change of metric g → e 2f g, f ∈ C ∞ (M, R), we have
The Yamabe operator g :
is a perturbation of the Laplace operator ∆ g in order to get a conformally invariant operator. It is given by
where κ g is the scalar curvature of M , and it satisfies (2.3)
This construction was generalized by Graham-Jenne-Mason-Sparling [GJMS] (see also [GZ] ) who produced, for any integer k ∈ N when n is odd, and for k = 1, . . . , n 2 when n is even, a conformal k-th power of ∆ g , i.e., a selfadjoint differential operator
In particular, for k = 1 we recover the Yamabe operator and for k = 2 we recover the fourth order operator of Paneitz ([Pa] , [ES] ).
There are further generalizations of the GJMS operators. Branson-Gover [BGo] and Peterson [Pe] constructed families of conformally invariant ΨDOs which include the GJMS operators. In this case we have conformal invariance only up to smoothing operators. Recently, Alexakis ([Al2] , [Al1] ) and Juhl [Ju] constructed new families of conformally invariant operators. Furthermore, Alexakis proved that, under some restrictions, his family of operators exhausts all conformally invariant Riemannian differential operators.
In the sequel we let E denote a vector bundle over M and we let G be the class of Riemannian metrics on M that are conformal multiples of g.
Let (Pĝ)ĝ ∈G ⊂ Ψ m (M, E) be a family of ΨDOs of integer order m so that there are real numbers w and w ′ in such way that, for any f in C ∞ (M, R), we have (2.6)
2) Assume that P g is elliptic and we have 0 ≤ m ≤ n, then
Proof. Let f ∈ C ∞ (M, R), setĝ = e f g and let k Pg (x, y) and k Pĝ (x, y) denote the respective Schwartz kernels of P g and Pĝ. It follows from (2.6) that near the diagonal y = x we have
Let U ⊂ R n be an open of local coordinates. By (1.4) the kernel k Pg (x, y) has a behavior near the diagonal of the form (2.10)
where a j (x, y) ∈ C ∞ (U × (R n \0)) is homogeneous of degree j with respect to y. Combining this with (2.9) then gives
where we have set b(x, y) = e −wf (y)+w
where we have set
, and the functions r α (x, y) are smooth near y = x. Using this we obtain (2.13)
where each term b α (x)(y − x) α a j (x, y) is homogeneous in y of degree |α| + j ≤ −1. Moreover, as we have (x − y) α log |x − y| = O(1) for any multi-order α = 0, from (2.12) we also get (2.14) b(x, y) log |x−y| = b(x, x) log |x−y|+O(1) = e
Combining (2.11) with (2.13) and (2.14) shows that k Pĝ (x, y) has a behavior near the diagonal of the form
Comparing this to (1.4) yields the equality c Pĝ (x) = e −(w−w ′ )f (x) c Pg (x). Now, assume that P g is elliptic and we have m ≤ n. Let Q g (resp. Qĝ) be a parametrix in Ψ −m (M, E) for P g (resp. Pĝ). Thanks to (2.6) we have (2.16)
Multiplying the right-hand and left-hand sides by Qĝ gives
We then can apply the first part of the proof to get c Qĝ (x) = e −(w
The proof is now complete.
The above result unifies and extend several previous results of conformal invariance of densities associated to conformally invariant operators.
First, in [PR] Parker-Rosenberg proved the conformal invariance on a compact manifold of the Green kernel of the Yamabe operator g (i.e. the Schwartz kernel of −1 g ). In this setting the singularity near the diagonal of the Green kernel is derived from the knowledge of the off-diagonal small time asymptotics for the heat kernel of g . Moreover, the logarithmic singularity is described in the form −c(x) log d(x, y), where d(x, y) is the Riemannian distance. Since in local coordinates log d(x,y) |x−y| is bounded near y = x this description of the logarithmic singularity is the same as that provided by (1.4). Therefore, we see that Proposition 2.1 allows us to recover Parker-Rosenberg's result.
In fact, in [PR] the coefficient c(x) in the logarithmic singularity −c(x) log d(x, y) was identified with the coefficient a n−2 ( g )(x) of t −1 in the heat kernel asymptotics (1.11) for g . This allowed Parker-Rosenberg to prove the conformal invariance of a n−2 ( g )(x). Subsequently, Gilkey [Gi, Thm. 1.9 .4] proved the conformal invariance of the coefficient a n−m (P g )(x) of t −1 in the heat kernel asymptotics for a conformally invariant selfadjoint elliptic differential operator P g of order m with positive principal symbol on a compact Riemannian manifold. Thanks to (1.13) we have a n−m (P g )(x) = mγ Pg (x), so Proposition 2.1 also allows us to recover Gilkey's result.
Recently Paycha-Rosenberg [PRo] extended Gilkey's result to ΨDOs and proved the conformal invariance of noncommutative residue densities of conformally invariant ΨDOs. The arguments were based on variational formulas for zeta functions of elliptic ΨDOs, so the result was stated for compact manifold and for an elliptic conformally invariant ΨDOs such that there is a spectral cut independent of the metric for both the operator and its principal symbol.
Since the density c P (x) agrees with the noncommutative residue density of P it follows that the results of Paycha-Rosenberg are encapsulated by Proposition 2.1 and hold in full generality on noncompact manifold and for non-elliptic conformally invariant ΨDOs.
Notice that it is important to be able to remove the ellipticity assumptions from the results of Gilkey and Paycha-Rosenberg, because we can construct examples of non-elliptic conformally invariant ΨDOs. For instance, let Q
g . Then by (2.5) and (2.17) we have
f . Alexakis' construction shows that there is a handful of such operators. In addition, these operators need not be elliptic. Then the operator
is not elliptic and we really need to use Proposition 2.1 to prove that
Logarithmic Singularities of Riemannian Invariant ΨDOs
In this section we shall prove that the logarithmic singularities of Riemannian invariant ΨDOs are local Riemannian invariants.
Let M n (R) + denote the open subset of M n (R) consisting of positive definite matrices. Following [ABP] we call scalar local Riemannian invariant of weight w, w ∈ Z, datum on any Riemannian manifold (M n , g) of a function I g ∈ C ∞ (M ) such that: -There exist finitely many functions a αβ ∈ C ∞ (M n (R) + ) such that in any local coordinates we can write I g (x) = a αβ (g(x))(∂ α g(x)) β .
-We have I tg (x) = t −w I g (x) for any t > 0.
It follows from the invariant theory developed by Atiyah-Bott-Patodi [ABP] (see also [Gi] ) that any local Riemannian invariant is a linear combination of complete contractions of the covariant derivatives of the curvature tensor.
Notice also that the above definition continue to make sense for manifolds equipped with a nondegenerate metric of nonpositive signature, provided we replace M n (R) + by the subset of nondegenerate selfadjoint matrix of the corresponding signature. Following the convention of [FG1] we shall continue to call local Riemannian invariants such invariants.
Let R ijkl = R(∂ i , ∂ j )∂ k , ∂ l denote the components of the curvature tensor of (M, g). We will use the metric g = (g ij ) and its inverse g −1 = (g ij ) to lower and raise indices. For instance, the Ricci tensor is ρ jk := R i ijk = g il R ijkl and the scalar curvature is κ g := ρ j j = g ji ρ ij . All the scalar local Riemannian invariants of weight 1 are constant multiples of κ g , and those of weight 2 are linear combinations of the following invariants: 
(ii) For any t > 0 we have
In addition, we say that P is admissible if in (3.2) we can take a 0αβ to be zero for (α, β) = 0.
Remark 3.2. In (ii) we require to have P tg = t −w P g modulo smoothing operators, rather than to have an actual equality, so that if we replace P g by a properly supported ΨDO that agrees with P g modulo a smoothing operator, then we get a Riemannian invariant ΨDO with same symbol. This way we can compose Riemannian invariant ΨDOs. This is totally innocuous when we consider differential operators, because two differential operators that differ by a smoothing operator agree.
Proposition 3.3. Let P g be a Riemannian invariant ΨDO of order m and weight w, let Q g be a Riemannian ΨDO of order m ′ and weight w ′ , and suppose that P g or Q g is properly supported. Then P g Q g is a Riemannian invariant ΨDO of order m + m ′ and weight w + w ′ .
Proof. First, the operator P g Q g is a ΨDO of order m + m ′ and for any t > 0 we have P tg Q tg = t −(w+w
be the respective symbols of P g and Q g in local coordinates. Then it is well-known (see, e,g., [Hö2] ) that the symbol
By assumption p g (x, ξ) and q g (x, ξ) satisfy the condition (i) of Definition 3.1. Therefore, using (3.3) it is not difficult to check that so does r g (x, ξ). Hence P g Q g is a Riemannian invariant ΨDO of weight w + w ′ .
Proposition 3.4. Let P g be Riemannian invariant ΨDO of order m and weight w which is elliptic and is admissible in the sense of Definition 3.
Proof. First, without any loss of generality we may assume Q g to be properly supported. Let t > 0. As
The fact that P g is elliptic then implies that, for any Riemannian manifold (M n , g) and for x in the range of the given local coordinates, we have a m (g(x), ξ) = 0 for any
be the respective symbols of P g and Q g in local coordinates. As we have Q g P g = 1 modulo Ψ −∞ (M ), using (3.3) we get
Therefore, we obtain
By induction we then can show that for j = 0, 1, . . . the symbol q −m−j (x, ξ) can be expressed as a universal expression of the form (3.2). This completes the proof that Q g is a Riemannian invariant ΨDO of weight −w.
In the sequel for any top-degree form η on M we let |η| denote the corresponding 1-density (or measure) defined by η.
is the Riemannian volume form, then the Riemannian density is |v g (x)|. In local coordinates we have |v g (x)| = g(x)dx, where dx = |dx 0 ∧. . .∧dx n | is the Lebesgue measure of R n .
Proposition 3.5. Let P g be a Riemannian invariant ΨDO of order m and weight w.
1) The logarithmic singularity c Pg (x) is of the form
where I Pg (x) is a local Riemannian invariant of weight n 2 + w.
2) Assume that P g is elliptic and is admissible in the sense of Definition 3.1. Then the Green kernel logarithmic singularity of P takes the form
where J Pg (x) is a local Riemannian invariant of weight n 2 − w. Proof. Let us write c Pg (x) = I g (x)|v g (x)|. Let t > 0. Since P g and t −w P g agree up to a smoothing operator we have
On the other hand, since P g is a Riemannian invariant ΨDO there exist finitely many symbols
where A αβ is the smooth function on M n (R) + defined by
Since the expression (3.9) of I g (x) holds in any local coordinates this proves that
is a local Riemannian invariant. Finally, suppose that P g is elliptic and is admissible. For each Riemannian manifold (M n , g) let Q g ∈ Ψ −m (M ) be a parametrix for P g . Then the Green kernel logarithmic singularity γ Pg (x) agrees with c Qg (x) and Proposition 3.4 tells us that Q g is a Riemannian invariant ΨDO of weight −w. Therefore, it follows from the first part of the proposition that γ Pg (x) is of the form γ Pg (x) = J Pg (x)|v g (x)|, where J Pg (x) is a local Riemannian invariant of weight n 2 − w.
Logarithmic Singularities and Local Conformal Invariants
In this section we shall make use of the program of Fefferman in conformal geometry to give a precise form of the logarithmic singularities of conformally invariant Riemannian ΨDOs.
Conformal invariants and Fefferman's program.
Motivated by the analysis of the singularity of the Bergman kernel of a strictly pseudoconvex domain D ⊂ C n+1 Fefferman [Fe2] launched the program of determining all local invariants of a strictly pseudoconvex CR structure. This was subsequently extended to conformal geometry and to more general parabolic geometries (see, e.g., [FG1] ).
A scalar local conformal invariant of weight w is a scalar local Riemannian invariant I g (x) such that
The most important conformally invariant tensor is the Weyl curvature,
where , [FG2] ) as follows.
Let G be the R + -bundle of metrics defined by the conformal class of g. We identify G with the hypersurface G 0 = G × {0} inG = G × (−1, 1). The ambient metric then is a Ricci-flat Lorentzian metricg onG defined formally near G 0 . In odd dimension the jets of the ambient metric are defined at any order near G 0 , but in even dimension there is an obstruction for defining them at order ≥ n 2 . In any case, the local Riemannian invariants ofg onG push down to conformal invariants of g on M . The latter are the Weyl conformal invariants.
For instance the Weyl curvature corresponds to the ambient curvature tensorR. Moreover, the Ricci flatness ofg and the Bianchi identities imply that complete tensorial contractions covariant derivatives ofR involving internal traces must vanish. For instance, there is no scalar Weyl conformal invariant of weight 1 (in fact there is no scalar conformal invariant of weight 1 at all) and the only non-zero scalar Weyl conformal invariant of weight 2 is |W | 2 , which arises from the ambient invariant |R| 2 (all the other invariants (3.1) associated to the ambient metric are zero).
In addition, the scalar Weyl conformal invariants of weight 3 consist of the invariants (4.4) together with the invariant Φ g exhibited by , [FG2] ). The latter is the conformal invariant arising from the ambient invariant |∇R| 2 and is explicitly given by the formulas:
where C jkl = ∇ l A jk − ∇ k A jl is the Cotton tensor and V and U are the tensors
Next, a very important result is:
]). 1) In odd dimension every scalar local conformal invariant is a linear combination of Weyl conformal invariants.
2) In even dimension every scalar local conformal invariant for weight w ≤ n 2 − 1 is a linear combination of Weyl conformal invariants.
In even dimension a description of the scalar local conformal invariants of weight w ≥ n 2 + 1 was recently presented by Graham-Hirachi [GH] . More precisely, they modified the construction of the ambient metric in such way to obtain a metric on the ambient spaceG which is smooth at any order near G 0 . There is an ambiguity on the choice of a smooth ambient metric, but such a metric agrees with the ambient metric of Fefferman-Graham up to order < n 2 near G 0 . Using a smooth ambient metric we can construct Weyl conformal invariants in the same way as we do by using the ambient metric of Fefferman-Graham. If such an invariant does not depend on the choice of the smooth ambient metric we then say that it is a ambiguity-independent Weyl conformal invariant. Not every conformal invariant arises this way, since in dimension n = 4m this construction does not encapsulate the exceptional local conformal invariants of [BG] . However, we have: 2) If n = 0 mod 4 and w is odd, then every scalar local conformal of weight w is a linear combination of ambiguity-independent Weyl conformal invariants and of exceptional conformal invariants.
Logarithmic singularities of conformally invariant Riemannian ΨDOs.
Let us now look at the logarithmic singularities of conformally invariant Riemannian ΨDOs. The latter are defined are follows.
Definition 4.3. A conformally invariant Riemannian ΨDO of order m and biweight
Remark 4.4. It follows from (4.8) that a conformally invariant Riemannian ΨDO of biweight (w, w ′ ) is a Riemannian invariant ΨDO of weight w ′ − w.
The main result of this section is:
Theorem 4.5. Let P g be a conformally invariant Riemannian ΨDO of integer order m and biweight (w, w ′ ). 2) Suppose that P g is elliptic and is admissible in the sense of Definition 3.1. Then in odd dimension, as well as in even dimension when w ′ < w, the Green kernel logarithmic singularity of P takes the form Proof. First, since P g is a Riemannian invariant ΨDO of weight w − w ′ we see from Proposition 3.5 that c Pg (x) is of the form c Pg (x) = I Pg (x)|v g (x)|, where I Pg (x) is a local Riemannian invariant of weight w − w ′ .
1) In odd dimension, as well as in even dimension when w
Let f ∈ C ∞ (M, R). As P g is conformally invariant of biweight (w, w ′ ), it follows from Proposition 2.1 that c P e f g (x) = e
It then follows from Proposition 4.1 that in odd dimension, and in even dimension when w < w ′ , the invariant I Pg (x) is a linear combination of Weyl conformal invariants of weight n 2 + w − w ′ . When n is even and we have w ′ ≤ w the invariant I Pg (x) is of the form described in Proposition 4.2.
Suppose now that P g is elliptic and is admissible. In the same way as above, it follows from Proposition 2.1 and Proposition 3.5 that γ Pg (x) takes the form γ Pg (x) = J Pg (x)|v g (x)|, where J Pg (x) is a local conformal invariant of weight n 2 − w + w ′ . We then can apply Proposition 4.1 to deduce that in odd dimension, as well as in even dimension when w ≥ w ′ , the invariant J Pg (x) is a linear combination of Weyl conformal invariants of weight
When n is even and we have w ′ ≥ w the invariant J Pg (x) is of the form described in Proposition 4.2.
We shall now make use of Theorem 4.5 to get a precise geometric description of the Green kernel logarithmic singularities of the GJMS operators
is always zero.
2) In even dimension and for k = 1, . . . ,
where c
is a linear combination of Weyl conformal invariants of weight
where W is the Weyl curvature tensor, Φ g is the and α n , β n , γ n and δ n are universal constants depending only on n.
in local coordinates then we have q
.
is always zero in odd dimension. Next, suppose that n is even and k is between 1 and n 2 . It follows from the construction in [GJMS] that (k) g is a Riemannian invariant operator, so by combining this with (2.5) we see that g , so (k) g is admissible in the sense of Definition 3.1. We then can apply Theorem 4.5 to deduce that n (x) follows from a direct computation. More precisely, as Q ( n 2 ) g has order −n its symbol of degree −n agrees with its principal symbol, which is the inverse of that of
g . By (2.4) the latter agrees with the principal symbol of ∆ n 2 g . Therefore, in local coordinates the principal symbol of
Finally, we can get an explicit expression for c
g (x) in dimension 6 and 8 by making use the explicit computations by Parker-Rosenberg [PR] in these dimensions of the coefficient a n−2 ( g )(x) of t −1 in the heat kernel asymptotics (1.11) for the Yamabe operator.
Assume first that M compact. Then by (1.13) we have 2γ g (x) = a n−2 ( g )(x), so by using [PR, Prop. 4 .2] we see that in dimension 6 we have (4.16) c
(1)
while in dimension 8 we get (4.17) c
In fact, as c
( 1) g (x) is a local Riemannian invariant its expression in local coordinates is independent of whether M is compact or not. Therefore, the above formulas continue to hold when M is not compact.
Heisenberg calculus and noncommutative residue
The relevant pseudodifferential calculus to study the main geometric operators on a CR manifold is the Heisenberg calculus of Beals-Greiner [BGr] and Taylor [Tay] . In this section we recall the main definitions and properties of this calculus.
5.1. Heisenberg manifolds. The Heisenberg calculus holds in full generality on Heisenberg manifolds. Such a manifold consists of a pair (M, H) where M is a manifold and H is a distinguished hyperplane bundle of T M . This definition covers many examples: Heisenberg group, CR manifolds, contact manifolds, as well as (codimension 1) foliations. In addition, given another Heisenberg manifold (
The terminology Heisenberg manifold stems from the fact that the relevant tangent structure in this setting is that of a bundle GM of graded nilpotent Lie groups (see, e.g., [BGr] , [EMM] , [Gro] , [Po1] , [Ro] ). This tangent Lie group bundle can be described as follows.
First, there is an intrinsic Levi form as the 2-form L : H × H → T M/H such that, for any point a ∈ M and any sections X and Y of H near a, we have
In other words the class of [X, Y ](a) modulo H a depends only on X(a) and Y (a), not on the germs of X and Y near a (see [Po1] ). We define the tangent Lie algebra bundle gM as the graded Lie algebra bundle consisting of (T M/H) ⊕ H together with the fields of Lie bracket and dilations such that, for sections X 0 , Y 0 of T M/H and X ′ , Y ′ of H and for t ∈ R, we have
Each fiber g a M is a two-step nilpotent Lie algebra so, by requiring the exponential map to be the identity, the associated tangent Lie group bundle GM appears as (T M/H) ⊕ H together with the grading above and the product law such that,
Moreover, if φ is a Heisenberg diffeomorphism from (M, H) onto a Heisenberg manifold (M ′ , H ′ ) then, as we have φ * H = H ′ , we get linear isomorphisms from T M/H onto T M ′ /H ′ and from H onto H ′ , which can be combined together to give rise to a linear isomorphism φ
5.2. Heisenberg calculus. The initial idea in the Heisenberg calculus, which goes back to Stein, is to construct a class of operators on a Heisenberg manifold (M d+1 , H), called Ψ H DOs, which at any point a ∈ M are modeled on homogeneous left-invariant convolution operators on the tangent group G a M .
Locally the Ψ H DOs can be described as follows. Let U ⊂ R d+1 be an open of local coordinates together with a frame X 0 , . . . , X d of T U such that X 1 , . . . , X d span H. Such a frame is called a H-frame. Moreover, on R d+1 we introduce the dilations and the pseudonorm,
In addition, for any multi-order α ∈ N d+1 we set β = 2β 0 + β 1 + . . . + β d . The Heisenberg symbols are defined as follows.
, in the sense that, for any integer N , any compact K ⊂ U and any multi-orders α, β, there exists a constant C N Kαβ > 0 such that, for any x ∈ K and any ξ ∈ R d+1 so that ξ ≥ 1, we have
Next, for j = 0, . . . , d let σ j (x, ξ) denote the symbol (in the classical sense) of the vector field
Let (M d+1 , H) be a Heisenberg manifold and let E be a vector bundle over M . We define Ψ H DOs on M acting on the sections of E as follows.
(i) The Schwartz kernel of P is smooth off the diagonal; (ii) In any trivializing local coordinates equipped with a H-frame X 0 , . . . , X d the operator P can be written as
where p(x, ξ) is a Heisenberg symbol of order m and R is a smoothing operator.
Let g * M denote the (linear) dual of the Lie algebra bundle gM of GM with canonical projection pr : g * M → M . As shown in [Po2] (see also [EM] ) the principal symbol of P ∈ Ψ m H (M, E) can be intrinsically defined as a symbol σ m (P ) of the class below.
, End pr * E) which are homogeneous of degree m with respect to the dilations in (5.2), i.e., we have p(x, λ.ξ) = λ m p(x, ξ) for any λ > 0.
For any a ∈ M the convolution on G a M gives rise under the (linear) Fourier transform to a bilinear product for homogeneous symbols,
, This product depends smoothly on a as much so it gives rise to the product, * :
This provides us with the right composition for principal symbols, since for any operators P 1 ∈ Ψ m1 H (M, E) and P 2 ∈ Ψ m2 H (M, E) such that P 1 or P 2 is properly supported we have (5.12) σ m1+m2 (P 1 P 2 ) = σ m1 (P 1 ) * σ m2 (P 2 ).
Notice that when G a M is not commutative, i.e., when L a = 0, the product * a is not anymore the pointwise product of symbols and, in particular, it is not commutative. As a consequence, unless when H is integrable, the product for Heisenberg symbols, while local, it is not microlocal (see [BGr] ).
When the principal symbol of P ∈ Ψ m H (M, E) is invertible with respect to the product * , the symbolic calculus of [BGr] allows us to construct a parametrix for
In particular, although not elliptic, P is hypoelliptic with a controlled loss/gain of derivatives (see [BGr] ).
In general, it may be difficult to determine whether the principal symbol of a given operator P ∈ Ψ m H (M, E) is invertible with respect to the product * , but this can be completely determined in terms of a representation theoretic criterion on each tangent group G a M , the so-called Rockland condition (see [Po2] , Thm. 3.3.19). In particular, if σ m (P )(a, .) is pointwise invertible with respect to the product * a for any a ∈ M then σ m (P ) is globally invertible with respect to * .
5.3. Logarithmic singularity and noncommutative residue. It is possible to characterize the Ψ H DOs in terms of their Schwartz kernels (see [BGr] ). As a consequence we get the following description of the singularity near the diagonal of the Schwartz kernel of a Ψ H DO.
In the sequel, given an open of local coordinates U ⊂ R d+1 equipped with a Hframe X 0 , . . . , X d of T U , for any a ∈ U we let ψ a denote the unique affine change of variables such that ψ a (a) = 0 and (ψ a * X j )(0) = Throughout the rest of the paper the notion of homogeneity refers to homogeneity with respect to the anisotropic dilations (5.4).
In local coordinates equipped with a H-frame the kernel k P (x, y) has a behavior near the diagonal y = x of the form
where a j (x, y) ∈ C ∞ (U × (R n \0)) is homogeneous of degree j in y, and we have
where p −(d+2) (x, ξ) is the symbol of degree −(d + 2) of P and E denotes the anisotropic radial vector 2x
2) The coefficient c P (x) makes sense globally on M as an END E-valued density.
be such that its principal symbol is invertible in the Heisenberg calculus sense and let Q ∈ Ψ −m H (M, E) be a parametrix for P . Then Q is uniquely defined modulo smoothing operators, so the logarithmic singularity c Q (x) does not depend on the particular choice of Q.
Definition 5.6. If P ∈ Ψ m H (M, E), m ∈ Z, has an invertible principal symbol, then its Green kernel logarithmic singularity is the density
is any given parametrix for P . In the same way as for classical ΨDOs the logarithmic singularity densities are related to the construction of the noncommutative residue trace for the Heisenberg calculus (see [Po3] 
) be the class of Ψ H DOs whose symbols are integrable with respect to the ξ-variable. If P is an operator in this class, then the restriction of its Schwartz kernel k P (x, y) to the diagonal defines a smooth End E-valued density k P (x, x). In particular, if M is compact, then P is trace-class and its trace is given by (1.7).
The map P → k P (x, x) admits an analytic continuation P → t P (x) to the class Ψ C\Z H (M, E) of non-integer order Ψ H DOs, where is analyticity is meant with respect to holomorphic families of Ψ H DOs as defined in [Po2] . Moreover, if P ∈ Ψ Z H (M, E) and if (P (z)) z∈C is a holomorphic family of Ψ H DOs such that ordP (z) = ordP + z and P (0) = P , then the map z → t P (z) (x) has at worst a simple pole singularity at z = 0 in such way that (5.16) Res z=0 t Pz (x) = −c P (x).
Assume now that M is compact. Then the noncommutative residue for the Heisenberg calculus is the linear functional Res on Ψ
It follows from (5.16) that if (P (z)) z∈C is a holomorphic family of Ψ H DOs such that ordP (z) = ordP + z and P (0) = P , then the map z → Trace P (z) has an analytic extension to C\Z with at worst a simple at z = 0 in such way that (5.18) Res z=0 Trace P (z) = − Res P.
Using this it is not difficult to check that the above noncommutative residue is a trace on Ψ Z H (M, E). This is even the unique trace up to constant multiple when M is connected (see [Po3] ).
Finally, suppose that M is endowed with a positive density and E is endowed with a Hermitian metric. Let P : C ∞ (M, E) → C ∞ (M, E) be a selfadjoint Ψ H DO of integer order m ≥ 1 such that the union set θ(P ) of the principal cuts of its principal symbol agrees with C \ [0, ∞) (see [Po5] for the precise definition of a principal cut). This implies that the principal symbol of P is invertible in the Heisenberg calculus sense. This also implies that P is bounded from below, hence gives rise to a heat semigroup e −tP , t ≥ 0. For any t > 0 the operator e −tP has a smooth Schwartz kernel k t (x, y) in
, and as t → 0 + we have the heat kernel asymptotics,
where the asymptotics takes place in C ∞ (M, End E ⊗ |Λ|(M )), and when P is a differential operator we have a 2j−1 (P )(x) = b j (P )(x) = 0 for all j ∈ N (see [BGS] , [Po2] , [Po5] ).
As in (1.12) if for j = 0, . . . , n − 1 we set σ j = d+2−2j m , then we have
In particular, we get (5.21) mγ P (x) = a d+2−m (P )(x).
Logarithmic singularities of contact invariant operators
The aim of this section is to prove an analogue of Proposition 2.1 in the setting of contact geometry. Let (M 2n+1 , H) be an orientable contact manifold. This means that (M, H) is an orientable Heisenberg manifold such such that H can be represented as the annihilator of a globally defined contact form, that is, a 1-form θ on M such that H = ker θ and dθ |H is nondegenerate. We further assume that θ is chosen in such way that the top-degree form dθ n ∧ θ is in the orientation class of M . This uniquely determines the contact form θ up to a conformal factor.
As we will recall in Section 8, the CR GJMS of Gover-Graham [GG] on a pseudohermitian manifold transform covariantly under a conformal change of contact form. These operators include the CR Yamabe operator of Jerison-Lee [JL1] , for which N.K. Stanton [St, p. 276] determined the behavior of the logarithmic singularity of the Green kernel under a conformal change of contact form.
More generally, let Θ be the class of contact forms on M that are conformal multiples of θ, and let let (Pθ)θ ∈Θ ⊂ Ψ m H (M, E) be a family of mth order Ψ H DOs in such way that there exist real numbers w and w ′ so that, for any f in C ∞ (M, R), we have (6.1) P e f θ = e 
2) Suppose that the principal symbol of P θ is invertible in the sense of the Heisenberg calculus. Then we have
(6.3) γ P e f θ (x) = e −(w ′ −w)f (x) γ P θ (x) ∀f ∈ C ∞ (M, R).
3) Suppose that, for anyθ ∈ Θ, the operator is Pθ is selfadjoint with respect to some density on M and some Hermitian metric on E, and the union-set of the principal cuts of the principal symbol of Pθ is C \ [0, ∞). Then we have
where a 2n+2−m (Pθ)(x) is the coefficient of t −1 in the heat kernel asymptotics (5.19) for Pθ.
Proof. The proof is similar to that of Proposition 2.1. Let f ∈ C ∞ (M, R), set θ = e f θ and let k P θ (x, y) and k Pθ (x, y) denote the respective Schwartz kernels of P θ and Pθ. Then it follows from (6.2) that we have
Next, let U ⊂ R 2n+1 be an open of local coordinates equipped with a H-frame X 0 , . . . , X d . By Proposition 5.5 the kernel k P θ (x, y) has a behavior near the diagonal of the form (6.6)
where a j (x, y) ∈ C ∞ (U × (R n \0)) is homogeneous of degree j with respect to y. Combining this with (6.5) then gives
where we have set b(x, y) = e −wf (ψ −1
The Taylor expansion of b(x, y) near y = 0 can be written in the form
where the functions r α (x, y) are smooth near y = x. By arguing as in the proof of Proposition 2.1 we can show that
Combining this with (6.7) then shows that
This shows that c Pθ (x) = e −2(w−w ′ )f (x) c P θ (x) as desired, so the 1st part of the proposition is proved.
Next, suppose that the principal symbol of P θ is invertible in the Heisenberg calculus sense. Because of (6.1) this implies that the principal symbol of Pθ is invertible as well. Let Q θ ∈ Ψ −m H (M, E) be a parametrix for P θ and, similarly, let Qθ ∈ Ψ −m H (M, E) be a parametrix for Pθ. By arguing as in the proof of Proposition 2.1 we can show that (6.12)
Therefore, it follows from the first part of the proof that (6.13)
The 2nd part of the proposition is thus proved. Finally, thanks to (5.21) the third part of the proposition is an immediate consequence of the second one.
Remark 6.2. The third part of Proposition 6.1 has also been obtained by N.K. Stanton [St, Thm. 3.3] in the special case of the CR Yamabe operator on a pseudohermitian manifold.
Pseudohermitian Invariant Ψ H DOs and Their Logarithmic Singularities
In this section, after some preliminary work on local pseudohermitian invariants and pseudohermitian invariant Ψ H DOs, we shall prove that the logarithmic singularities of the Schwartz kernels and Green kernels of pseudohermitian invariant Ψ H DOsgive rise local pseudohermitian invariants.
7.1. The geometric set-up. Let (M 2n+1 , H) be a compact orientable CR manifold. Thus (M 2n+1 , H) is a Heisenberg manifold and H is equipped with a complex structure J ∈ C ∞ (M, End H), J 2 = −1, in such way that T 1,0 := ker(J + i) ⊂ T C M is a complex rank n subbundle integrable in Fröbenius' sense (i.e. C ∞ (M, T 1,0 ) is closed under the Lie bracket of vector fields). In addition, we set T 0,1 := T 1,0 = ker(J − i).
Since M is orientable and H is orientable by means of its complex structure, there exists a global non-vanishing real 1-form θ such that H = ker θ. Associated to θ is its Levi form, i.e., the Hermitian form on T 1,0 such that
We further assume that M is strictly pseudoconvex, that is, we can choose θ so that L θ is positive definite at every point. In particular θ is a contact form on M . In the terminology of [We] the datum of such a contact form defines a pseudohermitian structure on M .
Since θ is a contact form there exists a unique vector field X 0 on M , called the Reeb field, such that ι X0 θ = 1 and ι X0 dθ = 0. Let N ⊂ T C M be the complex line bundle spanned by X 0 . We then have the splitting
The Levi metric h θ is the unique Hermitian metric on T C M such that: -The splitting (7.2) is orthogonal with respect to h θ ; -h θ commutes with complex conjugation; -We have h(X 0 , X 0 ) = 1 and h θ agrees with L θ on T 1,0 .
Notice that the volume form of h θ is 1 n! dθ n ∧ θ. As proved by Tanaka [Ta] and Webster [We] the datum of the pseudohermitian contact form θ uniquely defines a connection, the Tanaka-Webster connection, which preserves the pseudohermitian structure of M , i.e., such that ∇θ = 0 and ∇J = 0. It can be defined as follows.
Let {Z j } be a frame of T 1,0 . We set Zj = Z j . Then {X 0 , Z j , Zj} forms a frame of T C M . In the sequel such a frame will be called an admissible frame of T C M . Let {θ, θ j , θj} be the coframe of T * C M dual to {X 0 , Z j , Zj}. With respect to this coframe we can write dθ = ih jk θ j ∧ θk.
Using the matrix (h jk ) and its inverse (h jk ) to lower and raise indices, the connection 1-form ω = (ω k j ) and the torsion form τ j = A jk θ k of the TanakaWebster connection are uniquely determined by the relations
In addition, we have the structure equations
The pseudohermitian curvature tensor of the Tanaka-Webster connection is the tensor with components R jklm , its Ricci tensor is ρ jk := R l l jk and its scalar curvature is κ θ := ρ j j .
7.2. Local pseudohermitian invariants. Let us now define local pseudohermitian invariants. The definition is a bit more complicated than that of a local Riemannian invariants, because:
-The components of the Tanaka-Webster connections and its curvature and torsion tensors are defined with respect to the datum of a local frame Z 1 , . . . , Z n which does not correspond to frame given by derivatives with respect to coordinate functions; -In order to get local pseudohermitian invariants from pseudohermitian invariant Ψ H DOs it is important to take into the tangent group bundle of a CR manifold, in which the Heisenberg group comes into play.
This being said, in order to define local pseudohermitian invariants some notation need to be introduced.
Let U ⊂ R n be an open of local coordinates equipped with a frame Z 1 , . . . , Z n of T 1,0 . We set Z j = X j − iX n+j , where X j and X n+j are real vector fields. Then X 0 , . . . , X 2n is a local H-frame of T M . We shall call this frame the H-frame associated to Z 1 , . . . , Z n .
Let η 0 , . . . , η 2n be the coframe of
It will be convenient to identify X 0 (x) with the vector (X k 0 (x)) ∈ R 2n+1 and Z(x) := (Z 1 (x), . . . , Z n (x)) with the matrix (Z
× , where the latter denotes the open subset of M n,2n+1 (C) consisting of regular matrices.
For j,k = 1, . . . , n we set
, and for j, k = 1, . . . , 2n we set L jk = θ([X j , X k ]). Let M n (C) + denote the open cone of positive definite Hermitian n × n matrices. In the sequel it will also be convenient to identify h θ with the matrix h θ (x) := (h jk (x)) ∈ M n (C) + .
Thanks to the integrability of
In other words, we have
For any a ∈ U we let ψ a be the affine change of variables to the privileged coordinates centered at a (cf. Definition 5.4). One checks that ψ a (x)
Given a vector field X defined near x = 0 let us denote X(0) l the vector field obtained as the part in the Taylor expansion at x = 0 of X which is homogeneous of degree l with respect to the Heisenberg dilations (5.4). Then the Taylor expansions at x = 0 of the vector fields ψ a * X 0 , . . . , ψ a * X 2n take the form
where we have set b jk (a) :
is homogeneous of degree −2, while X 2n is a 2-step niloptent Lie algebra under the Lie bracket of vector fields. Therefore, this is the Lie algebra of leftinvariant vector fields on a 2-step nilpotent Lie group G (a) . The latter can be realized as R 2n+1 equipped with the product,
0 . In addition, we can check that
This shows that G (a) has the same constant structures as the tangent group G a M , hence is isomorphic to it (see [Po1] ). This also implies that (− 1 2 L jk (a)) is the skewsymmetric part of (b jk (a)). For j, k = 1, . . . , 2n set µ jk (a) = b jk (a) + 1 2 L jk (a). The matrix (µ jk (a)) is the symmetric part of (b jk (a)), so it belongs to the space S 2n (R) of symmetric 2n × 2n matrices with real coefficients.
In the sequel we set (7.14)
This is a manifold, and for any x ∈ U the quadruple (h(x), X 0 (x), Z(x), µ(x)) is an element of Ω depending smoothly on x.
In addition, we let P be the set of monomials in the undetermined variables
where the integer j ranges over {1, . . . , n}, the integer k ranges over {0, . . . , 2n}, and α ranges over all multi-orders in N 2n 0 . Given the Reeb field X 0 and a local frame Z 0 , . . . , Z n of T 1,0 by plugging
into a monomial p ∈ P we get a function which we shall denote p(X 0 , Z, Z)(x).
Bearing all this mind we define local pseudohermitian invariants as follows.
Definition 7.1. A local pseudohermitian invariant of weight w is the datum on each pseudohermitian manifold
(i) There exists a finite family (a p ) p∈P ⊂ C ∞ (Ω) such that, in any local coordinates equipped with a frame Z 1 , . . . , Z n of T 1,0 , we have
(ii) We have I tθ (x) = t −w I θ (x) for any t > 0.
Any local Riemannian invariant of h θ is a local pseudohermitian invariant. However, the above notion of weight for pseudohermitian invariant is anisotropic with respect to h θ . For instance if we replace θ by tθ then h θ is rescaled by t on T 1,0 ⊕T 0,1 and by t 2 on the vertical line bundle N ⊗ C. On the other hand, as shown in [JL2, Prop. 2.3] by means of parallel translation along parabolic geodesics any orthonormal frame Z 1 (a), . . . , Z n (a) of T 1,0 at a point a ∈ M can be extended into a local frame Z 1 , . . . , Z n of T 1,0 near a. Such a frame is called a special orthonormal frame.
Furthermore, as also shown in [JL2, Prop. 2.3] any special orthonormal frame Z 1 , . . . , Z n near a allows us to construct pseudohermitian normal coordinates x 0 , z 1 = x 1 + ix n+1 , . . . , z n = x n + ix 2n centered at a in such way that in the notation of (7.9)-(7.10) we have
Set Z j = X j − iX n+j , where X j and X n+j are real vector fields. Then we have
In particular, we have X j (0) = ∂ x j for j = 0, . . . , 2n. This implies that the affine change of variables ψ 0 to the privileged coordinates at 0 is just the identity. Moreover, in the notation of (7.11) for j = 1, . . . , n we have
Incidentally, this shows that the matrix (b jk (0)) is skew-symmetric, so its symmetric part vanishes, i.e., we have µ(0) = 0.
Proposition 7.2. Assume that on each pseudohermitian manifold (M 2n+1 , θ) there is the datum of a function I θ ∈ C ∞ (M ) such that I tθ (x) = t −w I θ (x) for any t > 0.
Then the following are equivalent: (i) I θ (x) is a local pseudohermitian invariant;
(ii) There exists a finite family (a p ) p∈P ⊂ C such that, for any pseudohermitian manifold (M 2n+1 , θ) and any point a ∈ M , in any pseudohermitian normal coordinates centered at a associated to any given special orthonormal frame Z 1 , . . . , Z n of T 1,0 near a, we have
universal linear combination of complete tensorial contractions of covariant derivatives of the pseudohermitian curvature tensor and of the torsion tensor of the Tanaka-Webster connection.
Proof. The proof will consist in proving the implications (iii) ⇒ (i), (i) ⇒ (ii) and (ii) ⇒ (iii). We shall prove them in this order.
First, let Z 1 , . . . , Z n be a local frame of T 1,0 and let θ 1 , . . . , θ n be the corresponding coframe of T 1,0 . Then it follows from (7.3) and (7.4) that in local coordinates the components R jklm and A jk of its curvature and torsion tensors of the Tanaka-Webster connection with respect to the frame are universal expressions of the form (7.15). Therefore, any linear combination of complete tensorial contractions of covariant derivatives of the curvature and torsion tensors yield a local pseudohermitian invariant. This proves the implication (iii) ⇒ (i).
Second, let I θ (x) be a local pseudohermitian invariant. Then there exists a finite family (a p ) p∈P ⊂ C ∞ (Ω) such that, in any local coordinates equipped with a frame Z 1 , . . . , Z n of T 1,0 , we have
Let a ∈ M and let us work in normal pseudohermitian coordinates centered at a and associated to a special orthonormal frame Z 1 , . . . , Z n of T 1,0 . Since Z 1 , . . . , Z n is an orthonormal frame we have h jk = δ jk . Moreover, by (7.16) we have
Since the a p 's are universal constants this shows that I θ satisfies (ii). The implication (i) ⇒ (ii) is thus proved. It remains to prove the implication (ii) ⇒ (iii). To this end assume that there exists a finite family (a p ) p∈P ⊂ C such that, for any pseudohermitian manifold (M 2n+1 , θ) and any point a ∈ M , in any pseudohermitian normal coordinates centered at a and associated to any given special orthonormal frame Z 1 , . . . , Z n of T 1,0 near a, we have
In the sequel by order of a differential operator we mean order in the Heisenberg calculus sense, and by polynomial in partial or covariant derivatives of components of some tensors or forms we mean a polynomial in these quantities and their complex conjugates. Bearing this in mind, by [JL2, Prop. 2.5] in normal pseudohermitian coordinates associated to any given special orthonormal frame Z 1 , . . . , Z n of T 1,0 with dual coframe θ 1 , . . . , θ n the following holds:
(a) At x = 0 the partial derivatives of order ≤ N of the components of the contact form θ are universal polynomials in partial derivatives of order ≤ N of the components of the forms θ j ;
(b) At x = 0 the partial derivatives of order ≤ N of the components of the forms θ j are universal polynomials in partial derivatives of order ≤ N of the components ω jk and A jk of the connection 1-form and torsion tensor of the Tanaka-Webster connection;
(c) At x = 0 the partial derivatives of order ≤ N of the components ω jk are universal polynomials in partial derivatives of order ≤ N of the components R jklm and A jk of the pseudohermitian curvature tensor and torsion tensor of the TanakaWebster connection.
It follows from this that at x = 0 the partial derivatives of order ≤ N of the components of the vector fields X 0 , Z 1 , . . . , Z n are universal polynomials in partial derivatives of order ≤ N of the components R jklm and A jk of the pseudohermitian curvature tensor and torsion tensor of the Tanaka-Webster connection.. Therefore I θ (0) is a universal polynomial in partial derivatives at x = 0 of these components.
Next, by definition the pseudohermitian cuvarture tensor R jklm is a section of the bundle T := Λ 1,0 ⊗ Λ 0,1 ⊗ Λ 1,0 ⊗ Λ 0,1 . Let ∇ T be the lift of ∇ to T , so that with respect to the local frame {θ j1 ⊗ θj 2 ⊗ θ j3 ⊗ θj 4 } of T we have
are real-valued vector fields. An induction then shows that, for any ordered subset I = (i 1 , . . . , i N ) ⊂ {0, . . . , 2n}, we have
where the components of a I,α = (a j1j2 j3j4 k1k2 k3k4
) with respect to the frame
} are universal polynomials in the partial derivatives of order ≤ N − 1 of the components X j l i l and ω jk (X i l ). We know that at x = 0 the partial derivatives of order ≤ N −1 of the components X j l i l and ω jk (X i l ) are universal polynomials in partial derivatives of order ≤ N − 1 of the curvature and torsion components R jklm and A jk . Moreover (7.16) implies that
where P α (R, τ ) is a universal polynomial in the partial derivatives at x = 0 of order ≤ N − 1 of the components of the pseudohermitian cuvarture tensor and that of the torsion tensor.
On the other hand, as Z 1 , . . . , Z n is an orthonormal frame we have
Furthermore, from (7.3) we get Together (7.25) and (7.26) show that
Thus,
Let R T be the pseudohermitian curvature of T . Its components with respect to the orthonormal frame {θ j1 ⊗ θj
By combining this with (7.24) we then can show that, for any multi-order α in N 2n+1 0 such that |α| = N , we have (7.32)
where P α (R, τ ) is a universal polynomial in the partial derivatives at x = 0 of order ≤ N −1 of the components of the components of the pseudohermitian curvature tensor and that of the torsion tensor. The tensor A jk is a section of the bundle
′ of the Tanaka-Wesbter connection then, in the same way as above, we can show that, for any multi-order α ∈ N 2n+1 0 such that |α| = N , we have (7.33)
where Q α (R, τ ) is a universal polynomial in the partial derivatives at x = 0 of order ≤ N − 1 of the components of the pseudohermitian curvature tensor and that of the torsion tensor. By combining (7.32) and (7.33) and by arguing by induction we then can see that the value at x = 0 of any partial derivative of order N of these components agrees with the value of an universal polynomial in their covariant derivatives of order ≤ N with respect to the vector fields X 1 , . . . , X 2n . It follows from all this that I θ (0) agrees with value at x = 0 of a universal polynomial in covariant derivatives with respect to the vector fields Z 1 , . . . , Z n , Z1, . . . , Zn of the components of the pseudohermitian curvature tensor and that of the torsion tensor. We then can make use of U (n)-invariant theory as in [BGS, to deduce that I θ (x) is a linear combination of complete tensorial contractions of covariant derivatives of these tensors, i.e., I θ (x) satisfies (iii). This proves that (ii) implies (iii). The proof is thus achieved. 7.3. Pseudohermitian invariants Ψ H DOs. We define homogeneous symbols on Ω × R 2n+1 as follows.
In addition, recall that if Z 1 , . . . , Z n is a local frame of T 1,0 then its associated Hframe is the frame X 0 , . . . , X 2n of T M such that Z j = X j − iX n+j for j = 1, . . . , n. (i) For j = 0, 1, . . . there exists a finite family (a jp ) p∈P ⊂ S m−j (Ω × R 2n+1 ) such that, in any local coordinates equipped with the H-frame associated to a frame Z 1 , . . . , Z n of T 1,0 , the operator P θ has symbol p θ ∼ p θ,m−j with
In addition, we will say that P θ is admissible if in (7.34) we can take a 0p (h, X 0 , Z, µ, ξ) to be zero for p = 1.
Before proving the analogues in pseudohermitian geometry of Proposition 3.3 and Proposition 3.4 we need to recall some results about the symbolic calculus for Ψ H DOs.
Given a matrix b = (b jk ) ∈ M 2n (R) we can endow R 2n+1 with a structure of 2-step nilpotent Lie group by means of the product,
It follows from [BGr] that under the inverse Fourier transform the convolution for distributions with respect to this group gives rise to a product for homogeneous symbols,
Furthermore, this product depends smoothly on b.
be an open of local coordinates equipped with a H-frame X 0 , . . . , X d . We let η 0 , . . . , η 2n be the dual coframe and we set
For any a ∈ U we let ψ a be the affine change of variables to the privileged coordinates centered a, and we let X is a 2-step nilpotent Lie algebra whose corresponding Lie group is isomorphic to the tangent group G a M and can be realized as R 2n equipped with the group law (7.35) with b jk = b jk (a). Since the product (7.36) for homogenous symbols on R 2n depends smoothly on b and b(a) := (b jk (a)) depends smoothly on a, we get the following product for homogeneous symbols on U × R 2n+1 , * :
We also can define a product for homogeneous symbols on Ω × R 2n+1 as follows.
ℑh −ℜh ℜh ℑh .
As b(h, µ) depends smoothly on (h, µ) we obtain the bilinear product,
such that, for any symbols
Observe that it follows from (7.7) and from the very definition of µ(a) that we have
. Therefore, we see that, for any symbols
where the product * on the l.h.s. is that for homogenous symbols on U × R 2n+1 and the other product * is that for homogeneous symbols on
0 (x, ξ) = ξ 0 , while for j = 1, . . . , 2n we have σ
0 we can write
where the coefficients e βγ (a, x) are smooth functions on U × R 2n+1 . We then let h αβγδ (a) be the smooth function on U given by
Proposition 7.5 ( [BGr, Thm. 14.7] ).
, and assume that P or Q is properly supported. Then P Q belongs to Ψ m+m ′ H (U ) and has symbol r ∼ r m+m ′ −j with
where (j) denotes the summation over all indices such that |γ| = |β| and |β|+|α| ≤
Bearing all this in mind we are now ready to prove:
Proposition 7.6. Let P θ be a pseudohermitian invariant Ψ H DO of order m and weight w, let Q θ be a pseudohermitian invariant Ψ H DO of order m ′ and weight w ′ , and assume that P θ or Q θ is uniformly properly supported. Then: 1) P θ Q θ is a pseudohermitian invariant Ψ H DO of order m + m ′ and weight w + w ′ .
2) If P θ and Q θ are admissible, then P θ Q θ is admissible as well.
Proof. Since P θ and Q θ are pseudohermitian invariant Ψ H DOs, for j = 0, 1, . . .
) such that, in any given local coordinates equipped with the H-frame associated to a frame Z 1 , . . . , Z n of T 1,0 , the respective symbols of P θ and Q θ are p ∼ p θ,m−j and q ∼ q θ,m ′ −j with
Therefore, by Proposition 7.5 the operator P θ Q θ has symbol r ∼ r m+m ′ −j , where r m+m ′ −j (x, ξ) is equal to (7.48)
Notice that, given a multi-order α ∈ N 2n+1 0 , for any monomial q ∈ P and any symbol b ∈ S m (Ω × R 2n+1 ) there exists a universal finite family (
In addition, it follows from the very definition of the function h αβγδ (x) that there exists a universal finite family (h αβγδr ) r∈P ⊂ C ∞ (Ω) such that
Now, by combining (7.42), (7.49), (7.48) and (7.50) together we deduce that
where (c js ) s∈P is the finite family with values in S m+m ′ −j (Ω × R 2n+1 ) given by (7.52) c js = p,q,q,r∈P pqr=s
Since the family (c js ) s∈P is independent of the choice of the local coordinates and of the local frame Z 1 , . . . , Z n this proves that P θ Q θ is pseudohermitian invariant. Furthermore, as for any t > 0 we have P tθ Q tθ = t −(w+w
, we see that P θ Q θ is a pseudohermitian invariant Ψ H DO of weight w.
Finally, assume further that P θ and Q θ are admissible, that is, there exist symbols a m ∈ S m (Ω × R 2n+1 ) and b m ′ ∈ S m ′ (Ω × R 2n+1 ) such that, in any given local coordinates equipped with the H-frame associated to a frame Z 1 , . . . , Z n , the prin-
. It then follows from Proposition 7.5 and (7.42) that in these local coordinates the principal symbol of P θ Q θ is equal to
Since the symbol a m * b m ′ ∈ S m+m ′ (Ω × R 2n+1 ) does not depend on the choices of the local coordinates and of the local frame Z 1 , . . . , Z n , this shows that P θ Q θ is admissible. The proof is now complete.
In order to deal with parametrices of pseudohermitian invariant Ψ H DOs we need the following lemma.
Lemma 7.7. Let (h, X 0 , Z, µ) ∈ Ω. Then we can endow R 2n+1 with a pseudohermitian structure and a global frame Z 1 , . . . , Z n of T 1,0 with respect to which we have
Proof. Let L = (L jk ) ∈ M 2n (R) be the skew-symmetric matrix given by (7.39), and let us endow R 2n+1 with the group law (7.35) corresponding to b :
be the hyperplane bundle spanned by the vector fields X
1 , . . . , X
2n and let us endow it with the almost complex structure
j . Observe that the subbundle T 
n+j , j = 1, .., n. By (7.13) we have
Moreover, as the definition (7.39) of L implies that it satisfies (7.6), we get
This implies that T
1,0 is integrable in Fröbenius' sense, so (
Then we have θ (0) (X 0 ) = 1 and for j = 1, . . . , 2n, we have θ (0) (X j ) = 0, so θ (0) is a non-vanishing 1-form annihilating H (0) . Moreover, it follows from (7.39) and (7.53) that we have
Since h is positive definite this shows that the Levi form associated to θ (0) is positive definite everywhere. Therefore, the CR structure of R 2n+1 is strictly pseudoconvex and θ (0) is a pseudohermitian contact form. In addition, for j = 0, . . . , 2n we have
As we know that θ (0) (X 0 ) = 1 it follows that X 0 is the Reeb field of the contact form θ (0) . Next, let us write X 0 = (X k 0 ) and Z = (Z k j ), where X 0 and Z are the 2nd and 3rd components of our initial element (h,
with X k j and X k n+j in R, and let ψ be the unique linear change of variables such that for j = 0, . . . , 2n the tangent map ψ ′ (0) :
. Then (H, J) defines a strictly pseudoconvex CR structure on R 2n+1 with respect to which θ := ψ * θ (0) is a pseudohermitian contact form with Reeb field X 0 := ψ * X
0 . Moreover, as we have
The corresponding bundle of (1, 0)-vectors is T 1,0 := ψ * T 1,0 . A global frame for this bundle is provided by the vector fields Z j := ψ * Z
j . Moreover, it follows from (7.55) that with respect to this frame the matrix of the Levi form associated to θ is (h jk ). In particular, we have h(0) = h. In addition, as Z (0)
we get p θ,m q −m = 1, (7.58)
Now, as P θ is a pseudohermitian invariant Ψ H DO for j = 1, 2, . . . there exists a finite family (a jp ) p∈P ⊂ S m−j (Ω × R 2n+1 ) such that, in any local coordinates equipped with the H-frame associated to a frame Z 1 , . . . , Z n of T 1,0 , we have
Then by using similar arguments as that of the proof of Proposition 7.6 we can show by induction that, for j = 0, 1, . . . there exists a finite family (c js ) s∈P contained in
where, with the notation of (7.52), the families (c js ) s∈P are given by the recursive formulas,c 01 = b −m ,c 0s = 0 for s = 1, (7.64)c
Since the families (c js ) s∈P don't depend on the local coordinates, this shows that Q θ is a pseudohermitian invariant Ψ H DO. Finally, let t > 0. As P tθ = t −w P θ modulo Ψ −∞ (M ) we see that t w Q θ is a parametrix for P tθ , and so we have Q tθ = t w Q θ modulo Ψ −∞ (M ). This completes the proof that Q θ is a pseudohermitian invariant Ψ H DO of weight w.
We are now ready to prove the main result of this section.
Proposition 7.9. Let P θ be a pseudohermitian invariant Ψ H DO of order m and weight w 1) The logarithmic singularity c P θ (x) takes the form
where I θ (x) is a local pseudohermitian invariant of weight n + 1 + w.
2) Assume that P θ is admissible and its principal symbol is invertible in the Heisenberg calculus sense. Then the Green kernel logarithmic singularity of P θ takes the form
where J P θ (x) is a local pseudohermitian invariant of weight n + 1 − w.
Proof. Set c P θ (x) = I P θ (x)|dθ n ∧ θ|, so that I P θ (x) is a smooth function on M . For any t > 0 we have c P tθ (x) = c t −w P θ (x) = t −w c P θ (x) and d(tθ) n ∧(tθ) = t n+1 dθ n ∧θ, so we see that (7.68)
Next, by (5.14) in local coordinates equipped with the H-frame X 0 , . . . , X 2n associated to a local frame Z 1 , . . . , Z n of T 1,0 we have
where p θ,−(2n+2) is the symbol of degree −(2n + 2) of P θ in these local coordinates. Furthermore, since P θ is a pseudohermitian invariant Ψ H DO there exists a finite
Therefore, we see that
where A p is the function in C ∞ (Ω) defined by
Let θ 1 , . . . , θ n be the coframe of Λ 1,0 dual to Z 1 , . . . , Z n , and let η 0 , . . . , η 2n be the coframe of T * M dual to X 0 , . . . , X 2n . Notice that η 0 = θ and
Moreover, we have dθ = ih jk θ j ∧ θk. Thus,
On the other hand, by its very definition ψ a is the unique affine change of variable such that ψ a (a) = 0 and (ψ a * X j )(0) = ∂ x j . Therefore, if we set
Combining this with (7.73) then shows that
Now, it follows from (7.71), (7.72) and (7.74) that, in any local coordinates equipped with a frame Z 1 , . . . , Z n of T 1,0 , the function I P θ (x) is equal to (7.75)
Together with (7.68) this shows that I P θ (x) is a local pseudohermitian invariant of weight n + 1 + w.
Finally, suppose that P θ is admissible and its principal symbol is invertible in the Heisenberg calculus sense. For each pseudohermitian manifold (M 2n+1 , θ) let Q θ be a parametrix for P θ in Ψ −m H (M ). By definition the Green kernel logarithmic singularity γ P θ (x) is equal to c Q θ (x), and we know from Proposition 7.8 that Q θ is a pseudohermitian invariant Ψ H DO of order −m and weight −w. Therefore, it follows from the first part that γ P θ (x) = J P θ (x)|dθ n ∧ θ|, where J P θ (x) is a local pseudohermitian invariant of weight n + 1 − w. The proof is thus achieved.
Logarithmic singularities of CR invariants Ψ H DOs
In this section we shall make use of the program of Fefferman in CR geometry to give a geometric description of the logarithmic singularities of CR invariant Ψ H DOs. 
When M is a real hypersurface the above definition of a local CR invariant agrees with the definition in [Fe2] in terms of Chern-Moser invariants (with our convention about weight a local CR invariant that has weight w in the sense of (8.1) has weight 2w in [Fe2] ).
The analogue of the Weyl curvature in CR geometry is the Chern-Moser tensor ( [CM] , [We] ). Its components with respect to any local frame Z 1 , . . . , Z n of T 1,0 are (8.2) S jklm = R jklm − (P jk h lm + P lk h jm + P lm h jk + P jm h lk ),
is the CR Schouten tensor. The Chern-Moser tensor is CR invariant of weight 1, so we get scalar local CR invariants by taking complete tensorial contractions. For instance, as scalar invariant of weight 2 we have More generally, the Weyl CR invariants are obtained as follows. Let K be the canonical line bundle of M , i.e., the annihilator of
Fefferman bundle is the total space of the circle bundle, (8.5) F := (K \ 0)/R * + . It carries a natural S 1 -invariant Lorentzian metric g θ whose conformal class depends only the CR structure of M , for we have g e f θ = e f g θ for any f ∈ C ∞ (M, R) (see [Fe1] , [Le] ). Notice also that the Levi metric defines a Hermitian metric h * θ on K, so we have a natural natural isomorphism of circle bundles ι θ : F → Σ θ , where Σ θ ⊂ K denotes the unit sphere bundle of K. Fe2] ). Any local scalar conformal invariant I g (x) of weight w uniquely defines a local scalar CR invariant of weight w.
Lemma 8.2 ([

Proof. As g θ is S
1 -invariant the function I g θ (x) is S 1 -invariant as well. Thus, if ζ is a local section of F then we have (8.6) I g θ (ζ(x)) = I g θ (e iω ζ(x)) ∀ω ∈ R.
This means that the value of I g θ (ζ(x)) at x does not depend on the choice of the local section ζ near x. Therefore, we define a smooth function I θ (x) on M by letting (8.7) I θ (x) := I g θ (ζ(x)) ∀x ∈ M, where ζ is any given local section of F defined near x. The fact that I θ (x) is a local pseudohermitian invariant can be seen as follows. Let Z 1 , . . . , Z n be a local frame of T 1,0 near a point a ∈ M and let {θ, θ j , θj} be the dual coframe of the frame {X 0 , Z j , Zj}. By standard multilinear algebra ζ θ = det h jk θ ∧ θ 1 ∧ . . . ∧ θ n is a local section of Σ θ . Therefore, it defines a local fiber coordinate γ ∈ F such that ι θ = e iγ ζ. Then by [Le, Thm. 5 .1] the Fefferman metric is given by (8.8) g θ = h jk θ j θk + 2θσ, σ = 1 n + 2 (dγ + iω j j − i 2 h jk dh jk − 1 2(n + 1) κ θ θ).
Therefore, if x 0 , x 1 , . . . , x 2n are local coordinates for M near a, then one can check that the components in the local coordinates x 0 , x 1 , . . . , x 2n , γ of the Fefferman metric g θ and of its inverse are universal expressions of the form (7.15). It then follows that I g θ (ι * θ ζ θ (x)) is a universal expression of the form (7.15) as well, so I θ (x) is a local pseudohermitian invariant.
Finally, let f ∈ C ∞ (M, R). As I g (x) is a conformal invariant of weight w, we have (8.9)
I g e f θ (ζ(x)) = I e f g θ (ζ(x)) = e −wf (x) I g θ (ζ(x)).
Hence I e f θ (x) = e −wf (x) I θ (ζ(x)). This completes the proof that I θ (x) is a local CR invariant of weight w. Now, the Weyl CR invariant are the local CR invariants that are obtained from the Weyl conformal invariants by the process described in the proof of Lemma 8.2. Notice that for the Fefferman bundle the ambient metric was constructed by Fefferman [Fe2] as a Kähler-Lorentz metric. Therefore, the Weyl CR invariants are the local CR invariants that arise from complete tensorial contractions of covariant derivatives of the curvature tensor of Fefferman's ambient Kähler-Lorentz metric.
Bearing this in mind the CR analogue of Proposition 4.1 is: Fe2, Thm. 2] , [BEG, Thm. 10 .1]). Every local CR invariant of weight ≤ n + 1 is a linear combination of local Weyl CR invariants.
In particular, we recover the fact that there is no local CR invariant of weight 1. Furthermore, we see that every local CR invariant of weight 2 is a constant multiple of |S| θ . Similarly, the local CR invariants of weight 3 are linear combinations of the invariants (8.4) and of the invariant Φ θ that arises from the Fefferman-Graham invariant Φ g θ of the Fefferman Lorentzian space F . ∀f ∈ C ∞ (M, R).
We actually have plenty of CR invariant operators thanks to:
Proposition 8.5 ( [JL1] , [GG] Proof. Since the Fefferman metric is S 1 -invariant, the circle S 1 acts by isometries on F . Therefore, the operator L g θ is S 1 -invariant, i.e., for any ω ∈ R we have (8.11)
Let π : F → M be the canonical projection of F and let u ∈ C ∞ (M ). Then π * u is a S 1 -invariant function on F , so for any x ∈ M and any ζ ∈ π −1 (x) we have (8.12)
This means that L g θ (π * u)(ζ) does not depend on the choice of ζ. Thus, we define a function L θ (u) on M by letting (8.13) L θ (u)(x) := L g θ (π * u)(ζ), ζ ∈ π −1 (x).
Let us now consider local coordinates x 0 , . . . , x 2n for M equipped with the Hframe X 0 , . . . , X 2n associated to a frame Z 1 , .., Z 2n of T 1,0 . Let θ 1 , .., θ n be the associated coframe of Λ 1,0 , so that ζ := det 1 2 (h jk )θ ∧ θ 1 . . . θ n is a local section of Σ θ . Let γ be the corresponding local fiber coordinate of F in such way that ι θ = e iγ ζ. Since L g is a Riemannian invariant differential operator there exist finitely many universal functions a αβδk (g) in C ∞ (M 2n+2 (R n ) + ) such that, in the local coordinates x 0 , . . . , x 2n , γ of F , we have (8.14)
Notice that S 1 -invariance corresponds to translation-invariance with respect to the variable γ. This is reflected in the property that the components of g θ don't depend on γ. Furthermore, we see that for any smooth function u(x) of the local coordinates x 0 , . . . , x 2n we have (8.15) L θ (u)(x) = a αβδ0 (g θ (x))(∂ α g θ (x)) β ∂ δ x u(x) In particular, this shows that L θ is a differential operator.
As explained in the proof of Lemma 8.2 the components of g θ (x) in the local coordinates x 0 , . . . , x 2n , γ, as well as their derivatives, are universal expressions of the form (7.15). Therefore, from (8.15) we deduce that there exists a finite family (b pkδρ ) ⊂ C ∞ (Ω) such that, in any local coordinates equipped with the H-frame associated to a frame Z 1 , .., Z n of T 1,0 , the differential operator L θ is equal to (8.16) k,δ,ρ p∈P p(X 0 , Z, Z)(x)b pkδρ (h(x), X 0 (x), Z(x))(−iX 0 ) k (−iZ) δ (−iZ)ρ.
It then follows that L θ is a pseudohermitian invariant differential operator.
Finally, let f ∈ C ∞ (M, R). Since L g is conformally invariant of biweight (w, w ′ ) we have L g e f θ = L e f g θ = e w ′ f L g θ e −wf . Hence L e f θ = e w ′ f L θ e −wf . This completes the proof that L θ is a CR invariant differential operator of biweight (w, w ′ ).
When L g is the Yamabe operator the corresponding CR invariant operator is the CR Yamabe operator introduced by Jerison-Lee [JL1] in their solution of the Yamabe problem on CR manifold. It can be defined as follows.
First, the analogue of the Laplacian is provided by the horizontal sublaplacian ∆ b : C ∞ (M ) → C ∞ (M ) defined by the formula,
where π ∈ C ∞ (M, End T * M ) is the orthogonal projection onto H * . In fact, if Z 1 , . . . , Z n is a local frame of T 1,0 then by [Le, Prop. 4 .10] we have
It follows from this formula that ∆ b is a sublaplacian in the sense of [BGr] and its principal symbol in the Heisenberg calculus sense is invertible (see [BGr] , [Po2] ). The CR Yamabe operator is given by the formula, (8.19)
where κ θ is the Tanaka-Webster scalar curvature. This is a CR invariant differential operator of biweight (
2 ). Moreover, as ⊡ θ and ∆ b have same principal symbol, we see that the principal symbol of ⊡ θ is invertible in the Heisenberg calculus sense.
Next, Gover-Graham [GG] proved that for k = 1, . . . , n + 1 the GJMS operator This is a CR invariant operator of biweight (
) and it has same principal symbol as
In particular, unless for the critical value k = n + 1, the principal symbol of ⊡ (k) θ is invertible in the Heisenberg calculus sense (see [Po2, Prop. 3.5.7] ). The operator ⊡ (k) θ is called the CR GJMS operator of order k. For k = 1 we recover the CR Yamabe operator. Notice that by making use of a CR tractor calculus we also can define CR GJMS operators of order k ≥ n + 2 (see [GG] ).
More generally, the conformally invariant Riemannian differential operators of Alexakis [Al2] and Juhl [Ju] give rise to CR invariant differential operators. If we call Weyl CR invariant differential operators the operators induced by the Weyl operators of [Al2] , then a natural question would be to determine to which extent these operators allows us to exhaust all the CR invariant differential operators.
We are now redy to prove the main result of this section.
Theorem 8.6. Let P θ be a CR invariant Ψ H DO of order m and biweight (w, w ′ ).
1) The logarithmic singularity c P θ (x) takes the form (8.22) c P θ (x) = I P θ (x)|dθ n ∧ θ|,
